We discuss the potential of the gravitational microlensing method as a unique tool to detect unambiguous signals caused by intermediate-mass black holes in globular clusters. We select clusters near the line of sight to the Galactic Bulge and the Small Magellanic Cloud, estimate the density of background stars for each of them, and carry out simulations in order to estimate the probabilities of detecting the astrometric signatures caused by black hole lensing. We find that for several clusters, the probability of detecting such an event is significant with available archival data from the Hubble Space Telescope. Specifically, we find that M 22 is the cluster with the best chances of yielding an IMBH detection via astrometric microlensing. If M 22 hosts an IMBH of mass 10 5 M ⊙ , then the probability that at least one star will yield a detectable signal over an observational baseline of 20 years is ∼ 86%, while the probability of a null result is around 14%. For an IMBH of mass 10 6 M ⊙ , the detection probability rises to > 99%. Future observing facilities will also extend the available time baseline, improving the chance of detections for the clusters we consider.
INTRODUCTION
After formation, a stellar-mass black hole may grow via accretion of surrounding material, or by merging with other black holes; eventually, supermassive black holes (SMBHs) may form with masses ranging upwards of ∼ 10 6 M⊙. The detection of SMBHs at large redshifts indicates that some of them formed quickly and were already present only a few hundred million years after the Big Bang (Fan 2006) . Explaining how these objects formed so rapidly is a challenge, because a stellar-mass seed black hole cannot reach a mass of ∼ 10 6 M⊙ within 1 Gyr even by accreting material at the highest possible rate, the Eddington rate, although mechanisms have been put forward that could enable accretion at super-Eddington rates (Alexander & Natarajan 2014) . In this context, one of the preferred scenarios for such rapid initial growth is through the merger of smaller seed black holes of intermediate mass (10 2 -10 6 M⊙, e.g. Ebisuzaki et al. 2001) , which serve as the missing link to understanding the growth of SMBHs.
⋆ nkains@stsci.edu Globular clusters provide dense enough stellar environments for intermediate-mass black holes (IMBHs) to form through runaway mergers of stars (e.g. Portegies Zwart & McMillan 2002 , Miller & Hamilton 2002 , and they are approximately the same age as their host galaxy, suggesting that the IMBHs required for the growth of SMBHs in the early Universe might have been delivered to galaxy centres by globular clusters (e.g. Capuzzo Dolcetta et al. 2001; Lützgendorf et al. 2012) . Further motivation for searching for IMBHs in clusters comes from the well-known M − σ relation (e.g. Ferrarese & Merritt 2000) for galaxies, which hints at a fundamental connection between the formation and evolution of central black holes and the central kinematics of galaxies. Extrapolating this relation to lower masses implies that IMBHs should be found in systems with central dispersions of ∼10-20 km/s, which are the dispersions typically found in globular clusters.
Since first proposed by Silk & Arons (1975) , the existence of IMBHs in clusters has been probed with various techniques. Attempts to detect accretion signatures through X-ray and radio observations have generally only yielded upper mass limits that depend on the assumptions made about the accretion process and the density of the surrounding material (e.g. Grindlay et al. 2001; Maccarone, Fender & Tzioumis 2005; Haggard et al. 2013) . In spite of this, some promising IMBH candidates (e.g. Farrell et al. 2012; Soria, Hau & Pakull 2013; Mezcua et al. 2015) have been identified through observations of ultraluminous X-ray sources (ULXs). These are extra-nuclear point sources with X-ray luminosities greater than 10 39 ergs s −1 , corresponding to the Eddington limit of a 10M⊙ black hole (Roberts 2007) .
Surface brightness profiles of globular clusters hosting central IMBHs are expected, from both theoretical predictions and N -body simulations, to have weak central cusps (e.g Bahcall & Wolf 1976; Baumgardt, Makino & Hut 2005) as opposed to core-collapsed clusters with steep profiles and pre-core collapsed systems with no cusp. However, it has also been shown from numerical simulations that a photometric profile with a shallow cusp might also be a sign of ongoing core collapse (Trenti, Vesperini & Pasquato 2010) . Therefore a weak central cusp is not a unique signature of a central IMBH, making claims of IMBH detections using this method contentious (e.g. Lanzoni et al. 2007; . Furthermore, the presence of anisotropic orbits could mimic the signature of a central IMBH in kinematic profiles, making the interpretation of cusp data ambiguous (Ibata et al. 2009 ). Mass segregation of stellar remnants can also replicate such signatures, as shown by Illingworth & King (1977) and then by Baumgardt et al. (2003) in their analysis of the kinematic profile of M 15. Because remnants are natural products of stellar evolution, it is then difficult to favour an IMBH scenario.
Combining photometric and spectroscopic observations to yield kinematic data that can be compared to dynamical models has recently led to a number of claims of IMBH detections, thanks to improvements in instrumental resolution and the use of integral field units (Lützgendorf et al. 2013) . This method has also yielded a mass estimate for an IMBH in ω Cen of (4.7 ± 1.0) × 10 4 M⊙ (Noyola et al. 2010) . However, other authors (e.g. Anderson & van der Marel 2010) have found less compelling evidence for a central black hole in ω Cen, which is in any case suspected to be the stripped nucleus of a dwarf galaxy rather than a true globular cluster (e.g. Noyola, Gebhardt & Bergmann 2008) . Different measurements using this technique have also led to conflicting predictions as to the presence of an IMBH in a few clusters (e.g. Kamann et al. 2014) .
Further recent detection claims include the work of Pasham, Strohmayer & Mushotzky (2014) , who reported quasi-periodic oscillations in the X-ray emission of ULX M 82 -X-1, which they then used to estimate a black hole mass of ∼ 400M⊙. However, the reliability of this type of oscillations to constrain black hole masses has been questioned by other authors (e.g. Middleton et al. 2011) . Baldassare et al. (2015) estimated a mass of 5 × 10 4 M⊙ for the black hole in the centre of the dwarf galaxy RGG 118, using virial black hole mass estimate techniques, the limitations and caveats of which are discussed in detail by Shen (2013) . Oka et al. (2016) concluded that the velocity dispersion in the molecular cloud CO-0.40-0.22 is best modelled by the gravitational effect of a 10 5 M⊙ black hole. The proximity of this molecular cloud to the Milky Way's central SMBH, Sgr A * , is particularly interesting within the context of IMBHs being potential seeds for SMBH formation.
Despite this wealth of indirect observational evidence, there has not yet been an unambiguous detection of an IMBH. In this paper, we discuss how gravitational microlensing would allow us to detect an astrometric signal that could be unambiguously attributed to the presence of an IMBH. While Safonova & Stalin (2010) have already proposed using microlensing as a technique to detect IMBHs in cluster cores, they only considered the detection of photometric signals of microlensing of cluster stars by the IMBH, which have extremely low detection probabilities. Here, we will show that astrometric microlensing is a far more promising method to achieve a detection. We conduct a brief review of astrometric and photometric microlensing in Sec. 2, and how it can be used to measure the mass of single objects (Sec. 3). The feasibility of such a detection is discussed in Sec. 4, and we describe simulations to estimate expected event rates and the probabilities of detecting at least one event in several chosen globular clusters in Sec. 4.5. We discuss our findings in Sec. 5, and draw conclusions for potential future detections in Sec. 6.
ASTROMETRIC AND PHOTOMETRIC MICROLENSING
Astrometric microlensing has been discussed in detail by Dominik & Sahu (2000) . The interested reader is referred to that publication for a full discussion. Here we recall only the essential details. A microlensing event occurs when the observer, a source at distance DS, and a lens of mass M at a smaller distance DL become aligned. The time-dependent angular separation φ of the lens and source is usually expressed in units of the Einstein ring radius as u = φ/θE, where
The photometric microlensing event then consists in the apparent magnification of the source, due to gravitational deflection of its light rays by the lens. A point source is magnified by a factor (e.g. Paczyński 1986 )
where u, and therefore µ(u), is time-dependent. Due to the asymmetric nature of the images of the source produced by the gravitational lens, the apparent position of the source also appears to change with time as the event unfolds following a characteristic pattern; this constitutes the astrometric microlensing. The apparent displacement of the centroid of a point source by an amount δ(u) can be expressed as (Hog, Novikov & Polnarev 1995) 
with the displacement pointing away from the lens from the observer's standpoint. The displacement has components parallel to the source-lens relative motion, δ , and perpendicular to it, δ ⊥ , which can be expressed (e.g. Dominik & Sahu 2000) as
where u0 is the impact parameter, or minimum source-lens angular separation, in units of θE. This occurs at time t0, and
where t is the time, and tE is the Einstein timescale, which is the time taken by the source to cross the Einstein ring radius, such that tE = θE/µLS, where µLS is the sourcelens relative motion. Eq. (4) assumes a rectilinear uniform source-lens relative motion, and is independent of the observational point spread function (PSF). For a detailed discussion of the behaviour of the expressions in Eq. (4), see Dominik & Sahu (2000) . As the source moves relative to the lens, the components of the astrometric shift lead to a characteristic 1-dimensional ( Fig. 1 ) pattern, or, in 2 dimensions, to an elliptical motion of the source's centroid, as shown in The photometric and astrometric effects behave differently at small and large separations. From Eqns. (2) and (3), we see that for small values of u, the magnification becomes very large, while the astrometric signal decreases linearly with u. For large values of u, the photometric signal goes as u −4 , whereas the astrometric shift only decreases as u −1 . This means that the cross-section for astrometric events is significantly larger than for photometric ones, making them an interesting channel to detect events for which lenses are massive enough to cause a detectable signal.
MEASURING THE MASS OF SINGLE OBJECTS WITH MICROLENSING
Microlensing has been used to measure the mass of single stars, which is made possible when subtle secondorder effects are detectable in the light curves (e.g. Gould, Bennett & Alves 2004) . For instance, the lens-source
can be measured through light curve distortions, which means that the Einstein radius can then be constrained using Eq. (1). If the size of the source can also be constrained via additional second-order ("finite source size") effects (e.g. Gould 1992 ), then we can measure θE and obtain a mass estimate for the lens (e.g. Kains et al. 2013) . Recently, observations from space telescopes have been used to constrain the parallax in microlensing events (e.g. Street et al. 2016; Zhu et al. 2015) , with plans to do this more routinely for events of interest with the Spitzer Space Telescope (e.g. Udalski et al. 2015; Yee et al. 2015) .
In the case of lensing by an IMBH, however, finite source size and parallax effects will not usually be detected, because most events will only be detectable through astrometry, and not photometry, due to the much larger cross-section for astrometric events. Furthermore, for the kind of deep observing campaigns towards the Galactic Bulge that would be optimal for IMBH searches, the overwhelming majority of source stars will be main-sequence stars, which are too small to produce significant source-size effects.
Because the Einstein radius for an object scales with √ M (Eq. 1), observations over many years are needed to detect signals from IMBH lensing that allow us to constrain the properties of the lens, whereas observations spanning months to a couple of years are usually sufficient for stellarmass lenses. However, despite the extreme event timescales produced by IMBH lenses, they also lead to a much larger astrometric signal, making them easier to detect than for low-mass lenses.
If an astrometric signal is detected, the elliptical motion of the source's centroid can be used to measure θE, via Eq. (4). In the case of field lens objects, only analysis of second-order effects in the photometric event's light curve can then yield a constraint on DL, in order to combine it with θE to obtain a lens mass measurement. However, when DL is known, as is the case when considering IMBH lenses in the cores of globular clusters, the detection of the photometric event is not necessary. We can derive or assume a value DS (e.g. the distance to the Galactic Bulge for Bulge sources), so that the lens mass can be obtained from an astrometric detection only, through Eq. (1). To do this from the time-series astrometric measurements, we fit the elliptical trajectory due to lensing simultaneously with the source proper motion parameters. The lensing event can be characterised with the parameters t0, tE, u0, θE, as well as an inclination angle α of the lens-source motion, while four parameters are needed for the source proper motion: motions along the x and y axes, µx and µy, as well as arbitrary reference points x0 and y0. Figure 1 . The time-dependent centroid shift due to lensing by an IMBH of masses 10 6 , 10 5 , 10 4 , 10 3 , and 10 2 M ⊙ plotted (with the signal amplitude increasing with mass, and the lower two masses in the inset) for D L = 3.2 kpc, D S = 8.5 kpc, µ LS = 12.2 mas/yr (corresponding to a Bulge source and a lens in M 22), u 0 = 0.5 (left) and 1.5 (right). The upper panels have a time axis in t E , while the lower panels show the signal for the various masses over a range of 20 years, with a time axis in years. The red segments in the upper panels indicate the part of the astrometric curve that would be covered by a 20 year campaign centred on t = t 0 , i.e. the same part that is shown in the corresponding lower panels.
FEASIBILITY OF AN IMBH DETECTION WITH MICROLENSING

Selection of cluster candidates
Usually, campaigns focusing on stellar microlensing towards the Galactic Bulge (or other crowded regions) require careful estimates of the optical depth for both photometric and astrometric microlensing. In order to do this, one has to consider the entire populations of potential lens and source stars between the observer and the Galactic Bulge. When searching for IMBH in globular clusters, however, this is greatly simplified because the location of the IMBH is known, in so far as the distance to the cluster is known. Normally this is the case to within a precision of 0.5 kpc or better for Galactic clusters.
In theory, an IMBH in a cluster can lens both stars within the cluster itself and background stars. In practice, however, it is clear from Eq. (1) that the Einstein radius, and therefore the lensing cross-section, tends to 0 for DL ∼ DS. Therefore the overwhelming probability for lensing comes from cases in which the source is a background star. For this reason, detections are only likely for clusters that lie in front of the Galactic Bulge, the Small Magellanic Cloud (SMC), or the Large Magellanic Cloud (LMC), where background star number densities are high enough that a lensing event is reasonably likely to occur. This limits the sample of clusters to be considered. Furthermore, simulations have shown that IMBHs are highly unlikely to exist in core-collapsed clusters (Baumgardt, Makino & Hut 2005) , which excludes a significant number of targets. We also rejected clusters in high-extinction areas, only selecting clusters with a horizontal branch (HB) brighter than 19 mag in V . Clusters with a fainter HB suffer from high extinction, meaning that background stars would also be highly extinguished, and detecting sufficient numbers of them with a good enough signal-to-noise ratio (SNR) would require very long exposure times. We excluded low-mass clusters such as Al 3 (BH 261), Djorg 2 (ESO456-SC38), and NGC 6540, and we rejected NGC 6809 because it is far away from the Bulge, and has a low density of background stars, dominated by inner halo stars. The final list of clusters fulfilling all criteria is given in Table 1 . We note that among these, NGC 362 is possibly currently undergoing core collapse (e.g. Dalessandro et al. 2013 ), but we include it because there is still some debate as to the dynamical status of this cluster (e.g. McLaughlin & van der Marel 2005). We also note that Leigh et al. (2014) used N -body simulations to show that clusters containing stellar-mass black hole in binary systems were less likely to host IMBHs with masses higher than ∼ 10 3 M⊙. M 22 contains two known stellar-mass black holes (Strader et al. 2012) , possibly meaning that any IMBH in this cluster is likely to have a mass lower than ∼ 10 3 M⊙. However, the half-mass relaxation time of M 22 is ∼ 2 Gyr (Harris 1996) , which is long enough for a higher-mass IMBH to co-exist with stellar-mass black holes that might still remain (Heggie & Giersz 2014) . Probing the existence of an IMBH in this cluster would therefore provide an excellent opportunity to test the simulation results of Leigh et al. (2014) .
Another consideration is that the optical depths for photometric and astrometric microlensing have different dependences on the lens and source distances. Dominik & Sahu (2000) showed that, with x = DL/DS, the optical depth for astrometric microlensing goes as (1 − x) 2 , while for photometric microlensing the dependence goes as x(1 − x). This means that while for photometric events, the lensing probability peaks for x = 0.5, i.e. a lens located half-way between the observer and the source, for astrometric events, the probability is highest for lenses that are much closer to the observer than the source, i.e. x ∼ 0.
Event timescales
For a stellar-mass lens event detected in an observing campaign lasting T obs , generally, tE ≪ T obs , so that the photometric event can be observed from baseline to peak and back to baseline as long as the magnification of the source reaches above a threshold. On the other hand, the astrometric event unfolds much more slowly, with tast > T obs , and can usually not be observed in its entirety, except for low-mass lenses. Instead it is detected as long as the variation in centroid position over the time T obs , δ obs , is above a threshold δT, as discussed by Dominik & Sahu (2000) . Therefore the centroid shift itself, for the full event, might be larger than δT, but a short observing campaign may not be able to detect the event because variations are slow, resulting in δ obs < δT.
For high-mass lenses such as IMBHs, tast ≫ T obs for typical observing campaigns. Furthermore, because the cross-section for detection of astrometric events is much larger, and an astrometric detection is sufficient to constrain the IMBH mass when DL is known, we will not consider the detection of the photometric event.
In addition to this, over large portions of the astrometric event, the centroid shift of the source caused by IMBH lensing will be linear and uniform in time, making it indistinguishable from the centroid shift due to proper motion of the source. Therefore only observations covering certain parts of the astrometric curve allow us to disentangle the real lensing effect from the proper motion. This corresponds to parts of the astrometric curve where the change in total displacement is not uniformly changing over T obs , as shown in Fig. 1 , or for the 2-dimensional astrometric motion, as shown in Fig. 2 . This 2-dimensional motion can allow us to detect curvature in the astrometric change even when the 1-dimensional displacement appears uniform. The 2-D astrometric motion (Fig. 2) unfolds faster close to t = t0 (Fig. 3) , so for a given T obs , the fraction of the 2-D astrometric curve that is covered is larger when the position of the source is closer to u0. 2-D astrometric motion due to a lensing event, as a function of time t− t 0 (in units of t E ), shown here for u 0 = 1. The black filled circles are spaced equally by 1t E . The source position changes more rapidly as it nears its closest approach to the lens at t = t 0 .
Defining event rates
We carried out simulations to determine the probability of an IMBH being detected unambiguously from an astrometric microlensing event in each cluster that passed our selection criteria. We considered 9 different IMBH masses, MBH/M⊙ = 10 6 , 5×10 5 , 10 5 , 5×10 4 , 10 4 , 5×10 3 , 10 3 , 5×10 2 , and 10 2 . Although we considered masses up to 10 6 M⊙ in order to investigate the full mass range of IMBHs, an IMBH with a mass larger than ∼ 10 5 M⊙ has a typical sphere of influence (Peebles 1972 ) of ∼ 0.1 − 5 ′ , which is comparable to, or larger than the core radius of globular clusters. Therefore, such IMBHs could also be detected by a number of other techniques, since their surface brightness profiles would not be well fitted by King models, for example.
For each cluster, DL is fixed by the distance to the cluster, and we assume DS is the distance to the Bulge or the SMC. The cluster distances we used are given in Table 1 , and we assume distances to the Bulge and SMC of 8.5 kpc, which is a value within the range of different estimates in the literature (e.g. Eisenhauer et al. 2003; Gillessen et al. 2009; Vanhollebeke, Groenewegen & Girardi 2009) and 61 kpc (Hilditch, Howarth & Harries 2005) , respectively.
Our ability to detect a lensing event unambiguously depends on a number of factors, and the expected number of detections can be expressed as
where s(x, y) is the number density of background stars at coordinates (x, y), and P det (x, y) is the probability for a single star that the event will be detected unambiguously, using criteria described in Sec. 4.6. The (x, y) coordinate system is fixed relative to the IMBH, which may be assumed to be at the origin.
Astrometric signals from binaries
Although necessary, the detection of curvature in the astrometric curve of a background star is not sufficient to guarantee the detection of a lensing event. Table 1 . Selected cluster targets. HB magnitudes, core radii, and distances are taken from the catalogue of Harris (1996) , except for the distance to NGC 104, which is from McLaughlin et al. Anderson & King (2003) . * denotes an absolute proper motion measurement. † denotes a value of µ LS calculated from a proper motion catalogue rather than taken from a reference paper. ‡ For NGC 6626, we estimated the stellar density based on its location along a straight line between NGC 6656 and NGC 6553.
astrometric signatures due to orbital motion around the binary system's centre of mass. Although some binaries are easily distinguished from single stars via their position on a colour-magnitude diagram (CMD), this is complicated in the Bulge by a number of factors such as the metallicity spread of stars, differential reddening, the range of distances due to the size of the Bulge, and some contamination from Disk stars. It is therefore useful to investigate the extent to which signals caused by orbital motion in a binary might mimic signals caused by the lensing of source stars by an IMBH along the line of sight.
Little is known about the frequency of binaries in the Galactic Bulge or the SMC, and the distribution of their orbital separations and eccentricities. In order to quantify how much of a confounding factor astrometric binaries can be in this study, we use the distribution for Disk stars of Raghavan et al. (2010) , who found a Normal period distribution with log P = 5.03 and σ log P = 2.28, for P given in days. They also found an approximately uniform distribution of eccentricities between e = 0 and ∼ 0.9, except for systems with P < 12d, which are circularised (e = 0). We assumed the scenario for Bulge stars that would produce the largest astrometric signal, which corresponds to equalmass binaries and a total mass of 1.9M⊙, the largest possible total binary mass in the Bulge (Calamida et al. 2015; Duquennoy & Mayor 1991) . We also used uniform distributions for the orientation of the system with respect to the x, y, and z axes.
For Bulge stars, we find that shifts with a peak-to-peak amplitude of up to ∼ 6 mas can be caused by astrometric binaries, with most amplitudes between ∼1 and 3 mas, as shown in Fig. 4 . It is therefore clear that we must account for the possibility of a binary orbit explaining an astrometric signal if the amplitude is smaller than ∼ 6 mas. To do this, we fit a binary orbit model to each set of our simulated astrometric data, and consider an astrometric lensing event as unambiguously detected only if no competing binary model can be fitted. For SMC stars, no binary produces a peak- Figure 4 . Histogram of the peak-to-peak astrometric shift detected from astrometric binaries in the Bulge, for equal-mass binaries of total mass 1.9M ⊙ . The vertical dashed line indicates the highest shift that can be caused by a binary companion in the Bulge.
to-peak astrometric shift above 0.4 mas. Since this is the best astrometric precision that can be achieved for bright sources (see Eq. 7 below), we can therefore safely assume that any event that shows peak-to-peak shifts larger than that is caused by lensing.
Orbits of cluster members
In theory, stars that are cluster members could also have non-uniform astrometric curves, due to their orbits inside of the cluster. These could then potentially be confused for background stars being lensed by an IMBH in the cluster. However, we find that the number of such stars is negligible, due to the extremely long orbits involved. Furthermore, in the vast majority of cases, the combination of proper motions and the CMD allows us to determine cluster membership, even in cases where the cluster's bulk motion relative to the background stars is small (e.g. Lagioia et al. 2014) . Finally, we have conducted simulations to estimate the number of astrometric lensing curves that can be mimicked by circular orbits of cluster members, and found this to be within the error bars of our results (see Sec. 5).
Estimates of background star number densities and µLS
In order to estimate N det for each cluster, we must first estimate the number density s of background stars. The number density we calculate here is for stars with mF814W ≤ 26 mag, which corresponds to the faintest Galactic Bulge stars that are detected with WFC3/UVIS in 15-minute observations with a SNR better than 2.5. We used proper motion catalogues, when available, in order to separate cluster stars from the Bulge and Disk populations; references for the catalogues we used are given in Table 1 . When possible, we estimated the completeness of the proper motion catalogues by comparing the corresponding photometric catalogues to the ones from the Hubble Space Telescope (HST) Advanced Camera for Surveys (ACS) Survey of Galactic Globular Clusters (Sarajedini et al. 2007 ). We then compared the bright end (19 < mF814W < 20.5) of the resulting number density distribution of background stars to the distribution of Bulge stars of Calamida et al. (2015) in the Sagittarius Window Eclipsing Extrasolar Planet Search (SWEEPS) field (l = 1.25
• , b = −2.65 • ). We used the bright end of the distribution because this is where the photometry is not affected by completeness issues. We calculated the number density in the SWEEPS field by using the mass function found by Calamida et al. (2015) to evaluate star counts down to mF814W ∼ 26 mag, and found an average SWEEPS field density of 6.5 stars/ arcsec 2 . Finally, we used this to derive a scaling factor for number densities along the line of sight to the globular clusters in our sample. For the clusters toward the SMC, we used the same process, but with the SMC luminosity function of Kalirai et al. (2013) instead of the Bulge distribution, and found an average SMC number density of 0.04 stars/ arcsec 2 . For the source-lens relative motion µLS, required as an ingredient of our simulations, we used values from the literature from proper motion studies, taking the bulk relative proper motion of the cluster as a proxy for µLS. For NGC 362, we derived a value of µLS from the proper motion catalogue of Bellini et al. (2014) by calculating the median proper motion of cluster and Bulge stars; we also did this calculation for NGC 6656 and NGC 104, to check that we obtained values consistent with those we adopted from the literature. The resulting values of µLS are listed, and relevant references are given, in Table 1 .
We adopt a scatter in the value of µLS for the background stars, using the dispersion in proper motion for Bulge stars of 2.6 mas/yr along the directions of both velocity components. This value is in line with that of Clarkson et al. (2008), but we adopt the same value in both directions for simplicity. For SMC stars we use a scatter of 0.3 mas/yr for both directions, in agreement with the findings of Vieira et al. (2010) .
Simulations
We adopt a Monte Carlo approach to evaluating the detection probabilities P det (x, y) over a grid in (x, y) for each IMBH mass. To keep the number of simulations reasonable as we evaluate P det (x, y) further away from the IMBH, we chose to perform a constant number of simulations, 1000, in rings of equal widths around the origin. We chose a ring width of 0.2θE.
For each simulation, we draw the position of a background star from a uniform distribution over the area of the current grid element and assume that this is the source position at t = 0. Without any loss of generality, we assume that our (x, y) coordinate system is aligned such that the bulk cluster proper motion relative to the background stars makes the background stars appear to move along the xaxis in the positive direction (since our IMBH is fixed at the origin). Considering also that the background stars exhibit a velocity dispersion, we therefore draw the source-lens relative proper motion from a two-dimensional Gaussian distribution with means in the x− and y−directions of µLS and zero, respectively, and σ in both directions equal to the dispersion in the Bulge or SMC proper motions as appropriate.
In the HST data archive, there are typically of the order of 50 images for a cluster, spaced out over 20 years. Hence, for each simulation we adopt a time baseline of T obs = 20 years with the first and last images obtained at t = 0 and t = 20 years, respectively. The epochs of the remaining 48 images are drawn from a uniform distribution on the range [0, T obs ]. The astrometric motion curve of the background star is then generated using these epochs taking into account the source-lens relative proper motion, its position at t = 0, and the lensing effect of the IMBH.
To simulate measurement noise in the astrometric motion curve of the background star, we assign the star a random magnitude, drawn from the Bulge or SMC luminosity functions of Calamida et al. (2015) or Kalirai et al. (2013) , respectively. We calculated the SNR in a 15-minute exposure with WFC3/UVIS for different magnitudes between mF814W = 18 and 26 mag, with a bin size of 0.2 mag, using the HST exposure time calculator. This allowed us to estimate the SNR for each background star, and thereby, the astrometric measurement precision z, through the expression (Kuijken & Rich 2002) ,
where FWHM is the full-width half-maximum of the star's PSF, and Ne is the number of images per epoch. This level of precision has been routinely achieved by several projects using HST observations for high-precision astrometric measurements (e.g. Bedin et al. 2013; Bellini et al. 2014; van der Marel et al. 2014) . For simplicity, we use the pixel scale of WFC3/UVIS of 40 mas/ pixel for all simulated observations, and we use a conservative estimate of Ne = 4. Each astrometric measurement of the background star is perturbed by a random number drawn from a Gaussian distribution with zero mean and σ = z, thereby generating our simulated noisy astrometric motion curve from HST observations.
Detection criteria
For our detection criteria, we need a statistic that will allow us to discriminate between astrometric motion models with different numbers of parameters (i.e. rectilinear uniform motion, astrometric microlensing, and orbital motion). We use the Bayesian Information Criterion (BIC; Schwarz 1978) derived by approximating the posterior probability of each model. It is valid for model parameters estimated by maximum likelihood. For model parameters with a uniform prior, it is given by the expression
where L is the maximum-likelihood statistic, ND is the number of data points, and NP is the number of model parameters. The use of an information criterion for discriminating between models in our simulations is particularly appropriate since we have generated the astrometric measurements for each background star from independent Gaussian distributions for which the sigma values are known exactly. In this case, the BIC further reduces to
where χ 2 is the chi-squared statistic, and K is a constant term that can be ignored for model selection purposes. The ratio of the posterior probabilities P (A) and P (B) of two models may be calculated from the BIC via:
where ∆BIC = BICB −BICA. We choose to adopt the threshold corresponding to a relative probability P (A)/P (B) = 100, i.e. ∆BIC,T =9.21. For each noisy astrometric motion curve that we generated in the simulations, we first fit a rectilinear uniform proper motion model (4 parameters) to the data and we calculate a corresponding BIC value which we denote as BIC lin . We then perform a slew of tests which must be satisfied in order for a successful detection of astrometric microlensing event to be declared: (i) We compute the peak-to-peak amplitude δ obs of the residuals to the fit. If this is above 2z, then we proceed to step (ii).
(ii) We fit the 9-parameter astrometric lensing model to the data (see Section 3) and calculate the corresponding BIC lens .
(iii) We check that the mass of the IMBH lens is recovered correctly to within a factor of ten, and if so, then we proceed to step (iv).
(iv) We verify that the astrometric lensing model is favoured over the rectilinear uniform proper motion model above our threshold, i.e. BIC lin − BIC lens ≥ ∆BIC,T . If so, then we proceed to step (v).
(v) If δ obs ≥ 6 mas, then we know that the astrometric signal cannot be explained by a binary orbit, and we declare successful detection of astrometric microlensing. Otherwise, we proceed to step (vi) (vi) We fit the 11-parameter orbital motion model to the data (four parameters for the rectilinear uniform source proper motion, and seven parameters for binary orbital motion, see Section 4.3.1) and calculate the corresponding BIC bin .
(vii) We verify that the astrometric lensing model is favoured over the orbital motion model above our threshold, i.e. BIC bin − BIC lens ≥ ∆BIC,T . If so, then we declare successful detection of astrometric microlensing. Otherwise, we finish.
The computation of P det (x, y) for each grid element is then trivial as the ratio of the number of successful detections to the number of simulations performed. The detection probabilities tend to zero as the distance from the IMBH increases due to lack of curvature and decreasing peak-to-peak signal in the astrometric motion curves over the observational baseline. In Fig. 5 , we plot N det evaluated via equation 6 as a function of integration radius from the IMBH. We can stop the integration when asymptotic limits for N det are reached, for example at ∼ 6 θE for an IMBH in M 22 and T obs = 20 years.
DISCUSSION
Results from our simulations are given in Table 3 .
From this, we see that N det is significant for most of the selected Bulge clusters for IMBH masses above ∼ 10 4 M⊙, and for some, down to masses of ∼ 10 3 M⊙. Unsurprisingly, the most promising clusters for such detections are four of the five clusters in our sample closest to the Solar System, with M 22, NGC 6553, NGC 6121, and NGC 6626 having the largest number of expected events. For clusters toward the SMC, low background star densities make lensing probabilities, and N det , very low.
We plot N det as a function of lens mass for baselines of 20, 25, and 30 years for these four clusters in Fig. 6 . With a time baseline of 20 years, N det in M 22 is large for M > 3 × 10 4 M⊙, and declines with mass down to N det = 0.1 at M =∼ 10 3 M⊙. This makes it the best candidate for further analysis. The next best candidate is NGC 6553, and 10 5 M⊙ respectively, and N det = 0.11 at M = 10 4 M⊙. Thanks to the fast motion of M 4 relative to the Bulge, and despite low stellar densities, the expected numbers of events are slightly higher than NGC 6553 for a high-mass IMBH, with N det = 1.03 and 0.75 for M = 10 6 and 5 × 10 5 M⊙ respectively.
For the Bulge clusters, we fit a power law for the mass dependence of N det , of the form
where a and b are the fitted power-law parameters, and M f is an arbitrary fiducial mass. We find that the mass dependence is best fitted with two mass regimes, and therefore we fit two power laws for masses below and above 10 4 M⊙. The coefficients a and b for both regimes are given in Table 2 .
It is also useful to turn values of N det into probabilities that are easier to interpret. Under the assumption that an IMBH exists in the cluster, then the discrete Poisson distribution is appropriate for the number of stars observed to feature a detectable astrometric signal caused by an IMBH. We know that the detectable astrometric events occur with an expected average rate of N det calculated from our simulations, and we can therefore express the probability of n events being detected as
from which we can express the probability of at least one event being detected as
In Table 4 , we give P (n > 0) for each IMBH mass, cluster, and time baseline, calculated from the values of N det listed in Table 3 .
In order to assess how to best exploit the available archival data, or how to devise the most efficient future longterm observing strategy to maximise chances of IMBH detections, we looked at how the probabilities given in Table 4 change for different values of T obs . We considered values of 25 to 30 years and scaled the number of observations linearly with T obs . The effect of T obs on the expected detection rate is shown in Fig. 6 . The expected number of detections rises approximately linearly, and at a rate that is faster for larger IMBH masses. For the lower mass (< 500M⊙) IMBHs, the increase is small: since tE is smaller, even a relatively short observing campaign is sufficient to cover a significant portion of the astrometric curve, and the returns of extending the observing baseline are modest. On the other hand, for high-mass IMBHs, even a small increase in observing baseline improves event numbers significantly. For the four most Table 3 . Expected number of detected events for each of the 9 IMBH masses considered, for T obs = 20, 25, and 30 years. 1-σ error bars on the last decimal place are given in parentheses. An error bar of 0 indicates that the Poisson error is smaller than the precision quoted.
promising clusters we have identified, adding even just five years to the baseline increases the probability of detecting an event significantly for the largest IMBH masses. For example, for M 22, compared to a 20-year campaign, for a 10 4 M⊙ IMBH, a baseline of T obs = 25 years increases N det by ∼ 40%, raising the probability of detection from 0.44 to 0.56, while T obs = 30 years yields approximately double the expected detection rate, bringing the probability to 0.68.
We also looked at the impact of varying the number of observations between 1 and 5 epochs per year, and found that the improvement is not significant. In fact observing cadences down to 1 observation every ∼ 2 − 3 years produce very similar probabilities, particularly for the slow events involving higher-mass IMBHs.
CONCLUSIONS
There are many existing observations from various science programs that can already be used to search for the astrometric gravitational lensing signals caused by the presence of IMBHs in globular clusters. In addition to these, future observations that will be obtained for many clusters for a wide range of science objectives, in particular stellar population Table 4 . Probability of detecting at least one astrometric lensing event for each of the 9 IMBH masses considered, for T obs = 20, 25, and 30 years. 1-σ error bars on the last decimal place are given in parentheses. An error bar of 0 indicates that the Poisson error is smaller than the precision quoted.
studies, will extend the time baseline of astrometric data sets for the clusters in our sample. The current available baseline for M 22 in the HST archive is 22 years, meaning that the expected number of detectable lensing events in the existing data set for a 10 4 M⊙ IMBH is around N det = 0.6 for this cluster. This number rises to 1 if the baseline is extended by another 5 years, meaning that we have an excellent opportunity to make the first unambiguous detection of an IMBH, or to place stringent limits on the presence of IMBHs in the core of M 22.
Many globular clusters will continue to be observed by future facilities such as the James Webb Space Telescope (JWST) and the Wide-field Infrared Survey Telescope (WFIRST). These telescopes will be able to make astrometric measurements with precisions similar to or better than what can be achieved with HST, further extending our astrometric baseline throughout their mission lifetimes. This would allow for the detection of IMBHs in several globular clusters if they exist, and to obtain constraints on the demographics of these elusive objects. Table 2 . Power-law coefficients (see Eq. 11), for the two mass regimes (subscripts LM and HM denote the low-and high-mass regimes, respectively, with the limiting mass between the two regimes set at 10 4 M ⊙ ), for the Bulge clusters, and T obs = 20 years. We used M f = 10 4 M ⊙ and 10 5 M ⊙ for the low-and highmass regimes, respectively.
